Abstract -In this paper, we shall provide an analytical solution describing a Frozen Wave beam after passing through a pair of convex lenses with different focal distances.
Introduction
In this work, based on the Fresnel diffraction integral, we provide the mathematical description of a Frozen Wave (FW) [1] [2] beam after passing through a pair of convex lenses with different focal distances. It is shown that while the transverse spot size of such a beam is scaled by the lens focal ratio, f 2 /f 1 , the longitudinal pattern, which can be chosen on demand, is scaled by the quadratic factor (f 2 /f 1 )
2 . The results here presented can be important in the generation of structured light beams within very small spatial regions.
Mathematical description
From geometric optics, we know that a light beam, represented by parallel rays, with spot radius r 1 , after passing through a system of two convex lenses, L 1 and L 2 , positioned in such a way to share the same focal plane, see Fig.1 , will acquire a spot radius
where f 1 and f 2 are the focal distances of the first and second lens, respectively. Let us consider a Frozen Wave, Ψ I , incident on the first lens, given by
where h Iq and β Iq , the transverse and longitudinal wave numbers, respectively, of the Bessel beams that constitute the FW beam, are given by
and (in the paraxial approximation)
with the coefficients A q given by
In the above equations, Q and L are constants and F (z) is a function chosen at will. A beam given by Eqs.(2,3,4,5) is a structured non-diffracting beam whose longitudinal intensity pattern within 0 ≤ z ≤ L given by |F (z)| 2 , can be chosen on demand, while the spot radius, r 1 , is approximately given by
For the interested reader, the FW theory is developed with details in [1, 2, 3] . Now, let us calculate the field after the first lens (L 1 ), but before the second one, by using the Fresnel Diffraction Integral,
where, for this case, Ψ(ρ , 0) is the product of two terms: the incident Frozen Wave (from Equation (2)) and the lens transfer function for L 1 (the exponential term):
By using Eq. (8) in (7), the field that emanates from the first lens is given by:
In order to solve the integral from Equation (9), we use the following result from [4] ,
and get
When Ψ l 1 reaches the second lens, at z = f 1 + f 2 , the field becomes:
At this point, we have that (12) is the wave incident on the second lens, and that the field following it, Ψ T , can also be calculated by using the Fresnel Diffraction Integral (7), taking into account the transfer function of such lens:
2z J 0 kρρ z (13) where z = 0 is now the position of the second lens. By using eq.(10), we get
Now, since
and
the transmitted field becomes
In Equation (17), it can be seen that appearance of the term exp
into the summation. This exponential term affects the longitudinal pattern by displacing it. By
, the field becomes
where z = Z(f 2 /f 1 ) 2 . Equations (18,19) show us that transverse spot size of such the FW scales with the lens focal ratio, f 2 /f 1 , and the longitudinal intensity pattern scales with the quadratic factor (f 2 /f 1 ) 2 .
Conclusions
In this present work, we analytically showed that, when a Frozen Wave propagates through a two convex lens system, the beam that emanates from the second lens is again a Frozen Wave, which however suffered important alterations: While its transverse spot size is scaled by the lens focal ratio, f 2 /f 1 , its longitudinal pattern, which can be chosen on demand, is scaled by the quadratic factor (f 2 /f 1 ) 2 . The results here presented can be useful in the generation of structured light beams within very small spatial regions.
